The activation-relaxation technique is used to explore the distribution of escape times from metastable minima of a model metallic glass, estimated using the harmonic transition state theory. We investigate in particular the distribution of attempt frequencies and find that these prefactors are distributed over a range of almost ten orders of magnitude, in stark contrast with the common assumption that they are given by a typical vibrational frequency. Moreover, the typical attempt frequencies appear to decrease with increasing barrier energy, a behavior inverse to the so-called Meyer-Neldel rule observed in many processes with apparent Arrhenius behavior. When combined with a multiple-hop analysis that takes into account the multiplicity of possible transitions, a direct Meyer-Neldel behavior is recovered, albeit with a reduced characteristic prefactor. Thermally activated processes are ubiquitous in the structural relaxation and deformation of glasses at low temperatures. The onset of the thermally activated regime has been the subject of numerous studies based on molecular dynamics (MD) simulations.
Thermally activated processes are ubiquitous in the structural relaxation and deformation of glasses at low temperatures. The onset of the thermally activated regime has been the subject of numerous studies based on molecular dynamics (MD) simulations. 1 It was shown that the dynamics becomes dominated by thermally activated transitions between local equilibrium configurations [also called inherent structures (ISs)] when the temperature decreases below the modecoupling temperature (T C ). 2 In this regime, MD simulations become inefficient because the waiting time between transitions increases exponentially with decreasing temperature and rapidly exceeds the MD time scale. An alternative approach is to use the transition state theory (TST), 3 which expresses the rate of escape from an initial equilibrium state as
where E A = E − E 0 is the activation energy, E 0 the energy of the initial state, and E the energy of the activated state, the minimum energy state along the dividing surface between the basins of attraction of the initial and final states. Using a classical harmonic approximation of the TST (hTST), 4 the attempt frequency, ν att , is expressed as
where {ν 0 i } and {ν i } are the real nonzero eigenfrequencies of the equilibrium and activated states, respectively, computed by diagonalizing the Hessian matrix of the system in both states. Here, we implicitly consider a system of N atoms with periodic boundary conditions. The three degrees of translational invariance are then omitted in Eq. (2) and there is one less frequency in the activated state because of the imaginary frequency associated with the unstable mode.
Activated states are identified here using the activationrelaxation technique (ART), initially proposed by Mousseau and co-workers, 5 which allows one to explore the configuration space around equilibrium configurations in search of activated states, starting in random directions. In the case of disordered solids, an exhaustive search is unfeasible because of the exponential number of saddle points. However, it has been shown that ART can identify enough saddles to build statistically relevant samples, from which stationary distributions can be computed. [6] [7] [8] So far, attempt frequencies have received far less attention than activation energies and are usually taken as a constant independent of the process and on the order of 1 × 10 12 to 1 × 10 13 s −1 , i.e., a typical Debye frequency. In reality, a number of phenomena that are governed by an apparent Arrheniuslike temperature dependence have been shown to exhibit a dependence of the attempt frequency on activation energy, when some external parameter (e.g., composition, pressure, or annealing conditions) is varied. This correlation, observed for a wide range of phenomena, is referred to as the Meyer-Neldel compensation rule. 9 It is expressed as
with kT 0 a characteristic energy and α an exponent usually taken as 1. 10 Theoretical models interpret this relation based on two different processes depending on the situation: (1) thermal activation into exponentially distributed energy traps for diffusion in disordered systems 11 and (2) entropy of combining multiple thermal excitations to overcome high-energy barriers. 10, 12 Neither of the above processes is accounted for in the hTST, since the latter applies to a given transition (and not to a distribution of transitions) and it is a harmonic theory, therefore neglecting multiphonon processes. 10, 13, 14 From Eq. (2), the attempt frequency is rather interpreted as a topographic property of the potential energy surface related through the eigenfrequencies to the local curvature in the immediate vicinity of the initial and activated states. The Meyer-Neldel rule may therefore not apply within the hTST and, if it does, we may expect that it would appear as an additional process appearing in Eq. (3) as a dependence of ν 0 att on E A . The presence or absence of the Meyer-Neldel rule within the hTST has been tested in crystals but the conclusions are not clear since it was found to apply in some cases 15, 16 and not in others. 14 We investigate within the classical hTST the relation between the attempt frequency and the activation energy of thermally activated events in a Lennard-Jones glass. We considered an equimolar mixture of 4000 atoms interacting with the well-known Wahnström potential. 17 Usual reduced units are used throughout the paper: AA , σ AA , and τ AA = σ AA √ m A / AA . Glasses of density 1.2 were prepared by quenching a high-temperature liquid at different quench rates. Quenches were performed at constant volume with periodic boundary conditions (for details, see Ref. 18) . The quench rate ranged from 6 × 10 −2 down to 6 × 10
AA . The potential energy landscape of the quenched glasses was explored using ART, as implemented in Ref. 19 . Random searches were iterated until at least 1000 distinct saddles were found for each configuration. Eigenfrequencies were then determined by diagonalizing the Hessian matrix of the four initial configurations and of each activated state. 20 Figure 1 shows distributions of activation energies and attempt frequencies. Distributions of activation energies have the usual shape 6, 7, 18, 19 with a systematic trend: glasses quenched more slowly have a smaller density of low activation energies, or, in other words, distributions of activation energies shift towards higher energies in better-relaxed glasses. This effect is expected from a simple picture of the potential energy landscape where deeper energy minima are surrounded by higher activation energies.
Figure 1(b) shows the distributions of attempt frequencies. The range of attempt frequencies is very large, spanning ten orders of magnitude, in contrast with the usual assumption of a constant attempt frequency. By comparison with the distributions of eigenfrequencies (vibrational densities of states) in the initial quenched glasses shown in the inset of Fig. 1(b) , attempt frequencies span a wider range than normal modes, in both the high-and low-frequency limits. Also, in contrast with the vibrational densities of states that are not strongly affected by the quench rate, 21 the attempt frequencies show a clear trend: glasses quenched more slowly have lower attempt frequencies, or, in other words, distributions of attempt frequencies shift towards lower frequencies in better-relaxed glasses. For typical Lennard-Jones parameters, the time unit τ AA is on the order of 1 × 10 −12 to 1 × 10 −13 s. The higher frequencies in the distributions are therefore in the range of the usual estimate of attempt frequencies, but the rest of the distribution is much lower. In a related work, Kopsias and Theodorou 22 found activation entropies spanning 10k, i.e., attempt frequencies spread over four orders of magnitude. The reason for this smaller range is presumably that the entropies were calculated on sequences of connected minima, rather than more exhaustive samplings from given configurations as done here.
We consider in Fig. 2 the relation between the activation energy of an event and its attempt frequency. This plot confirms the large energy and frequency ranges as well as the trends mentioned above; that is, activation energies shift towards higher energies and attempt frequencies towards lower frequencies in glasses quenched more slowly. Also, although scatters are large, we see that the logarithm of the attempt frequency tends to decrease linearly with increasing attempt frequency. We computed Pearson's product-moment correlation coefficient and found that it increases (in absolute value) with decreasing quench rates, indicating an increasingly clear linear relation in glasses quenched more slowly. A best fit of the data in Fig. 2 using an exponential function yields ∝ exp(−E A /kT 1 ) with kT 1 ∼ 2.50. Because of the large scatters, the uncertainty on T 1 is large, but, as an order of magnitude, kT 1 is systematically larger than 1.
This dependence is opposed to the usual Meyer-Neldel rule, where the attempt frequency increases exponentially with the activation energy. However, as explained above, the present dependence is distinct from the effect of multiple particle hops and/or multiple thermal excitations, yielding an effective attempt frequency expected to be proportional to exp(E A (1/kT 0 − 1/kT 1 )). The characteristic temperature T 0 has been related to the glass transition temperature in the case of multiple hops 11 (in the related "trap model" of glassy systems, 23 T 0 corresponds exactly to the glass transition temperature of the model), i.e., close to the mode-coupling temperature (here T C = 0.59), and to two to three times the Debye temperature in case of multiphonon excitations, 10, 12, 15 which can be estimated from the maximum normal mode frequency, T D ∼ 0.05, with ν max = 10 and τ AA = 10 −12 s. In both cases, T 1 > T 0 , yielding a globally positive Meyer-Neldel rule, with a corrected prefactor.
We note that in Figs. 1 and 2, there is a single initial configuration for each quench rate. Therefore, the curvature term in Eq. (2) from the initial configuration (numerator) is constant for a given quench rate and the variations of the attempt frequencies reflect only variations of the curvature at the activated state. A decrease of the attempt frequency with increasing activation energy thus implies that saddles with a higher activation energy have a larger average curvature. We checked the generality of the very large scatters in attempt frequencies and of the inverse Meyer-Neldel rule by performing the same analysis for several glasses at each quench rate as well as for glasses modeled with the Kob-Andersen potential.
The dependence of the attempt frequency on the activation energy and the apparent opposition to the Meyer-Neldel rule reported above depend on the process studied. As an illustration, we consider in Fig. 3 a glass quasistatic plasticity. 24 We deformed a glass in an initial IS through increments of simple shear γ separated by energy quenches until an instability to a new IS was reached. The glass was unloaded to generate a succession of matching configurations in the initial and final ISs at different applied strains. The nudged elastic band (NEB) method 25 was then used to determine the activated states, from which activation energies and attempt frequencies were computed as a function of the distance to the critical strain, δγ = γ C − γ . As seen in Fig. 3 , the attempt frequency decreases with the activation energy near the instability with an exponential dependence for activation energies above about 0.02, in accordance with the usual Meyer-Neldel rule. The attempt frequency decreases partly because of a slow increase of the curvature at the saddle point (in contrast with the trend mentioned above) but mostly because, the instability being a fold bifurcation, an eigenvalue in the initial configuration goes to zero as δγ 1/2 . 26 The insets in Fig. 3 show separately the dependence of the activation energy and attempt frequency on the distance to instability. The expected scaling law for the activation energy is recovered, E A ∝ δγ 3/2 . 26 For the attempt frequency, if the decrease was solely dominated by the lowest eigenvalue in the initial configuration, an exponent of 1/4 would be obtained since eigenfrequencies are square roots of eigenvalues. The effective exponent of 1/2 found here (see the inset) is caused by several eigenfrequencies varying near the instability. Interestingly, we recover the same exponent, 1/2, predicted by Kramer's theory, 26 although in this case, half of the exponent comes from the decay of the negative curvature at the saddle point, which is not accounted for in the hTST.
The large scatters reported above do not rule out the possibility to describe the kinetics of glasses with a single activation energy and attempt frequency, at least at low temperature. We show in Fig. 4 the hTST estimate of the total escape rate for the four configurations quenched at different rates: There is an Arrhenius regime at low temperature, starting at a temperature which increases in better-relaxed glasses. Two fits were added: the dash-dotted lines were obtained by limiting the calculation of the escape rate to the lowest energy transition, while the dashed lines include the transitions within kT C from the lowest energy transition. Just using the lowest energy transition already provides a rather satisfactory agreement with the full calculations, showing that at low temperatures only the very low energy transitions matter. The reason is that the distributions of activation energies in Fig. 1(a) do not increase fast enough at low energies, and are penalized by the corresponding decreasing attempt frequencies, to give a non-negligible weight to transitions with activation energies significantly larger than the minimum.
At low temperatures, the effective activation energy thus reduces to the lowest activation energy of the samples. Predicting an effective attempt frequency is more difficult because we have to account for a degeneracy factor, i.e., the number of transitions within kT C . This effect is most visible for the best-relaxed glass where the prediction from a single transition is a factor between 5 and 10 less than the full calculation. We should also keep in mind that the present rates are only estimates since the samples are necessarily incomplete. Large variations in the low-temperature rates of Fig. 4 were observed depending on the number and properties of low-energy saddles contained in the samples. No quantitative trend can therefore be concluded from this figure. However, we mention that, for the specific system studied here, a direct MD trajectory was found to visit saddle points on the potential energy surface that all lie within the range sampled by the ART calculation. 27 In conclusion, our work shows that a glass contains very wide ranges of activation energies and attempt frequencies that are probably characteristic of fragile glasses, which contain diverse atomic environments. By way of contrast, in strong glasses, where topological constraints are stronger and lead to fewer different atomic environments, distributions of activation energies and attempt frequencies are narrower, as reported, for instance, in silicon glasses. 6 It was also found that the dynamics at low temperatures is controlled by the lowest energy transitions, which have high frequencies close to the Debye frequency. This justifies the usual assumption of a single activation energy but also shows that predicting the effective attempt frequency requires that we account for a degeneracy factor, which is difficult to evaluate without an exhaustive sampling of the potential energy landscape near the minimum energy transition.
